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1
[4] Jacquet Shalika $GL_{2n}$ exterior square $L$-
$L$- $s=1$ Shalika
$GL$2 $n$ SO2$n+1$
GU(2, 2) twisted exterior square $L$- [4]
$L$- $s=1$ Shalika
2
$F$ $A_{F}$ $\psi$ $A_{F}/F$ $E$ $F$ 2
$A_{E}$ $E$ $x$ $\theta\in$ Gal$(E/F)$ $\overline{x}$
$M_{n}(E)$ $g$ $\theta\in$ Gal$(E/F)$ $\overline{g}$
$J=(\begin{array}{llll}0 0 1 00 0 0 1-l 0 0 00 -1 0 0\end{array})$
$J$ similitude unitary group GU(2, 2) ;
$G=GU(2,2)=\{g\in GL_{4}(E)|{}^{t}\overline{g}Jg=\lambda(g)J, \lambda(g)\in F^{\cross}\}$
$F$- $A$ ;
$G(A)=\{g\in GL_{4}(E\otimes_{F}A)|{}^{t}\overline{g}Jg=\lambda(g)J, \lambda(g)\in A^{\cross}\}$
$G(A_{F})$ $A_{E}$ $E$ $A_{E}^{\cross}/E^{\cross}$
$G$ $L$- (cf. [7]) ;
$LG=LG^{0}x$ Gal $(E/F)=(GL_{4}(\mathbb{C})\cross GL_{1}(\mathbb{C}))\rangle\sqrt Ga1(E/F)$ ,
$\theta\in$ Gal$(E/F)$ $\theta(g, \lambda)=(J^{-1}t_{g^{-1}J}, \lambda\det g)$
$H$ $L$- $LH$ $L$- $LH^{0}$
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$LG$ twisted exterior square map $GL_{4}(\mathbb{C})$ exterior square map $\wedge^{2}$
$GL_{4}(\mathbb{C})\cross GL_{1}(\mathbb{C})$ 6 $\wedge^{2}$ :
$\wedge^{2}:GL_{4}(\mathbb{C})\cross GL_{1}(\mathbb{C})arrow GL_{6}(\mathbb{C})$ $(g, \lambda)\mapsto(\wedge^{2}g)\lambda$
1. (Lemma2.1 [6]) GL4 $(\mathbb{C})\cross GL_{1}(\mathbb{C})$ 6 $\wedge^{2}$ $LG$
$\grave$
$\bigwedge_{t}^{2}$
$\bigwedge_{t}^{2}(g, \lambda, 1)=\lambda\wedge^{2}(g)$ , $\bigwedge_{t}^{2}(1,1, \theta)=A$
$A$ $GL_{6}(\mathbb{C})$ $A\wedge^{2}(g, \lambda)A^{-1}=\wedge^{2}\circ\theta(g, \lambda)$ $A^{2}=1$
$A$
$\bigwedge_{t}^{2}$
$\wedge^{2}$ $LG$ $\bigwedge_{t}^{2}\otimes$ sign $A$
$A$ tr$(A)>0$
twisted exterior square
: [6] Kim Krishnamurthy $G$ twisted exterior square
$G(A_{F})$ generic $\pi$ $T$
$\Pi_{v}\cong\bigwedge_{t}^{2}(\pi_{v})v\not\in T$ $GL_{6}(A_{F})$ $\Pi$
$(\pi,V_{\pi})$ $G$ generic $\xi$
$A_{F}^{\cross}/F^{\cross}$ $S$ $F$ $S$
$\psi_{S_{0}}$ $N$
$L$- $L^{S}(s)=L^{S}(s, \pi, \bigwedge_{t}^{2}\otimes\xi)=\prod_{v\not\in S}L(s, \pi_{v}, \bigwedge_{t}^{2}\otimes\xi_{v})$ $\eta>0$ $Re$
$s>1-\eta$ $L$- $i_{s=l}$ $\xi^{2}\omega_{\pi}|_{A_{F}^{x}}$
$V_{\pi}$ $K$ - $\varphi$ :
$Sh( \varphi)=\int_{A_{F}^{x}GL_{2}(F)\backslash GL_{2}(A_{F})}\int_{N(F)\backslash N(A_{F})}\varphi(n(\begin{array}{ll}g 00 g^{*}\end{array})) \psi_{S_{0}}(n)\xi(detg)dndg$.
3
twisted exterior square $L$- $(\pi,V_{\pi})$ $\xi$
$P$ $G$ $P$ Levi $MN$ :
$M=\{m(g, \lambda)=(\begin{array}{lll}g 00 \lambda t_{\overline{g}}-1\end{array})|g\in GL_{2}(E),$ $\lambda\in F\}$ ,
$N=\{n(X)=(\begin{array}{ll}l_{2} X0 l_{2}\end{array})|X\in Herm$2 $(E)\}$ ,
Herm2 $(E)=\{S\in$ Mat$2\cross 2(E)|{}^{t}\overline{S}=S\}$ .
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$N$ $S\in Herm$2 $(E)$
$\psi_{S}((\begin{array}{ll}1_{2} X0 1_{2}\end{array}))=\psi[tr(SX)]$
$D\in F^{\cross}$ $D\not\in(F^{\cross})^{2}$ $\eta=\sqrt{-D}$ $E=F(\eta)$
$S_{0}\in Herm$2 $(E)$ :
$\ovalbox{\tt\small REJECT}=(\begin{array}{ll}0 \eta-\eta 0\end{array})$ .
$\psi_{S_{0}}$ $M$
$\{(_{0}^{g}$ $\lambda^{t\frac{0}{g}1)}|t_{\overline{g}S_{0}g=\lambda S_{0}\}}$ .
$GL_{2}(F)\cross E^{\cross}/\{(a\cdot 1_{2}, a^{-1})|a\in F^{\cross}\}$
GL2 Borel $B_{2}$ GL2
$E(g, s)= \sum_{\gamma\in B_{2}(F)\backslash GL_{2}(F)}f(\gamma g, s)$
2 Schwartz-Bruhat $\Phi$ $\pi$ $\omega_{\pi}$
$f(g, s)= \int_{A_{F}^{\cross}}\Phi((0, t)g)|t|^{2s}\xi^{2}\omega_{\pi}(t)\xi(detg)|detg|^{s}d^{\cross}t$
Rankin-Selberg :
$Z(s, \varphi)=\int_{A_{F}^{\cross}GL_{2}(F)\backslash GL_{2}(A_{F})}\int_{N(F)\backslash N(A_{F})}\varphi(n(\begin{array}{ll}g 00 g^{*}\end{array})) \psi_{S_{0}}(n)E(g, s)dndg$ (1)
$\varphi\in V_{\pi\text{ }}g^{*}=\det g\cdot gt-1$





2. $\phi$ $\phi(g)=\varphi(gw^{-1})$ $Z(s, \varphi)$ ${\rm Res}>>0$
$Z(s, \varphi)=\int_{A_{F}^{x}U_{2}(A_{F})\backslash GL_{2}(A_{F})}\int_{A_{F}}W_{\phi}[(\begin{array}{llll}1 0 0 00 l 0 00 0 1 00 x 0 1\end{array}) \iota(g)]f(g, s)dxdg$ , (2)
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$w$ $\iota(g)$ $g=(\begin{array}{ll}a bc d\end{array})\in GL$2
$\iota(g)=(\begin{array}{llll}a 0 0 b0 a b 00 c d 0c 0 0 d\end{array})$ , $w=(\begin{array}{llll}1 0 0 00 0 0 l0 0 1 00 -l 0 0\end{array})$
$W_{\phi}$ $\phi$ Whittaker :
$W_{\phi}(g)= \int_{(E\backslash A_{B})^{2}}\int_{(F\backslash A_{F})^{2}}\psi(-tr_{E/F}(\eta z)+c)$
. $\phi[(\begin{array}{llll}l 0 a w0 1 \overline{w} c0 0 1 00 0 0 l\end{array})$ $(_{0}^{1}00$ $-z001$ $0 \frac{01}{z}$ $0100)g]dadcdzdw$
$Z(s, \varphi)$ Euler $\varphi$ $\Phi$
:
$Z(s, \varphi)=\prod_{v}Z_{v}(\Phi_{v}, W_{v}, s)$
$Z_{v}(\Phi_{v}, W_{v}, s)$ (2)
(cf. [5])
3. $Z(s, \varphi)$ $\xi^{2}\omega_{\pi}|_{F^{x}}\neq 1$ $s=1$ $\xi^{2}\omega_{\pi}|_{F^{x}}=1$ $Z(s, \varphi)$
$s=1$ 1
$Sh( \varphi)=\int_{A_{F}^{\cross}GL_{2}(F)\backslash GL_{2}(A_{F})}\int_{N(F)\backslash N(A_{F})}\varphi(n(\begin{array}{ll}g 00 g^{*}\end{array})) \psi_{S_{0}}(n)\xi(detg)dndg$.
Rankin-Selbarg (1)





$v$ $F$ $F_{v}$ $E_{v}=E\otimes_{F}F_{v}$ 2 $\pi$ $\xi$ $\psi$
$W$ $\Phi$ $\pi_{v\text{ }}\xi_{v},$ $\psi_{v},$ $W_{v\text{ }}\Phi_{v}$




non-reduced $[11]$ quasi-split reduced
[2] [2]




(3) $H$ $G$ $F_{v}$-
$H$






$t_{\pi_{v}}=(s_{\pi_{v}}, \theta)\in LG^{0}\rangle\triangleleft Ga1(E/F)$ .
$s_{\pi_{v}}$ $\pi_{v}$ Borel $\chi_{v}$
$\varpi$ $F_{v}$ $s_{\pi_{v}}$ :
$s_{\pi_{v}}=$ $($diag$(a,$ $b,$ $1,1),$ $\lambda)\in GL_{4}(\mathbb{C})\cross GL_{1}(\mathbb{C})$
$a=\chi(diag(\varpi, 1, \varpi^{-1},1)),$ $b=\chi(diag(1, \varpi, 1, \varpi^{-1})),$ $c=\chi(1,1, \varpi, \varpi)$
Casselman-Shalika $t_{\pi_{v}}$ $s_{\pi_{v}}$ $\iota$ : $T_{d}arrow T$ $\iota^{*}:LT_{d}^{\circ}arrow LT^{0}$
$\iota^{*}(s_{\pi_{v}})=\overline{s_{\pi_{v}}}$ $X_{*}(T_{d})$ $T_{d}$ I,
$LT_{d}^{0}$ $X^{*}(^{L}T_{d}^{0})$ $T_{d}$
$t\ovalbox{\tt\small REJECT}$ $X_{*}(T_{d})\cong X^{*}(^{L}T_{d}^{0})$
$t$ GSp $($ 4, $\mathbb{C})$ $t$ highest
weight $V_{t}=0$ $C$asselman-Shalika :
5. (Casselman-Shalika ) $t\in T_{d}$
$W_{v}(t)=Tr(\overline{s_{\pi_{v}}}|V_{t})\delta_{G}(t)^{z}1$
$\delta_{G}$ 1 $G$ Borel modulus
$C$asselman-Shalika :
6. $F_{v}$ $x\mapsto\psi(T\prime r(\eta)x)$ $0$ $\Phi_{v}$
$Z_{v}( \Phi_{v}, W_{v}, s)=L(s, \pi_{v}, \bigwedge_{t}^{2}\otimes\xi_{v})$
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5:
7. $Schwa\hslash z$-Bruhat $\Phi_{v}$ Whiuaker $W_{v}$ ;
$Z_{v}(\Phi_{v}, W_{v}, 1)\neq 0$
$GL_{n}$ [5] $\pi_{v}$
[5]
2. $F_{v}$ $W_{v}$ Whiuaker $W_{v}$ $K$-
$\alpha$ittaker $g\in G$
$\int_{UZ_{O}\backslash B_{O}}|W_{v}(bg)|^{2}db<\infty$
$B_{0}=T_{d}U$ $Z_{0}$ $G$ $T_{d}$ $T_{d}$ $U$
:
$T_{d}=\{(\begin{array}{llll}a 0 0 00 b 0 00 0 \lambda a^{-1} 00 0 0 \lambda b^{-1}\end{array})|\lambda,$ $a,$ $b\in F_{v}^{\cross}\}$ ,
$U=\{(\begin{array}{llll}l x 0 00 l 0 00 0 1 00 0 -\overline{x} 1\end{array})$ $(_{0}^{1}00$ $0001$ $01 \frac{z}{y}$ $w10y)|z,w\in F_{v}$ $x,y\in E_{v}\}$ .
Whittaker Schwart,Bruhat (cf. [3],[9])
2
[4]
8. $\chi$ $s>0$ $|a|^{s}\chi(a)(log|a|)^{n}$ $F_{v}^{\cross}$
$X$ $X$ $(F_{v}^{\cross})^{2}$ $Y$
$f_{i}\in Y$ Whiuaker $W_{v}$ $\phi_{\chi}$ $\in$ S$(F2 \cross K_{v})$
:
$W_{v}(tk)= \delta_{B_{0}}^{l}(t)\sum_{i}\phi_{i}(a, b, k)f_{i}(a, b)1$
$k$ $G(F_{v})$ $K_{v}$
$t=(a b 1 ab^{-1})$ .




Proof. $\varphi\in V_{\pi}$ Whittaker Whittaker
$\Phi$ 2 Schwartz-Bruhat $\Phi=\otimes\Phi_{v}$
$v\not\in S$ $\Phi_{v}$ ${\rm Re} s$
:
$Z(s, \varphi)=L^{S}(s)\prod_{vS}Z_{v}(\Phi_{v}, W_{v}, s)$ .
9 $\eta>0$ ${\rm Re} s>1-\eta$ 7





Whittaker $\varphi$ $W$ $v\not\in T$
$W_{v}$ spherical Whittaker $T\supseteq S$ $\otimes W_{v}$
$\Phi$ Schwartz-Bruhat $v$ $\Phi_{v}(0)\neq 0$ $v\not\in T$ $\Phi_{v}$
$s=1$
$Z(s, \varphi)=L^{T}(s)\prod_{v\not\in T}Z_{v}(\Phi_{v}, W_{v}, s)$
(3)
9 $s=1$ $L$- $s=1$
1 $\varphi$ $\Phi$ $Z_{v}(\Phi_{v}, W_{v}, s)\neq 0$
(3) 1 3
$L^{T}(s)$ $s=1$ 1 :
$L^{S}(s)=L^{T}(s) \prod_{v\in T\backslash S}L(s, \pi_{v}, \bigwedge_{t}^{2}\otimes\xi_{v})$
. (4)
7 9 $L$- $s=1$ (4) $L$- $L^{S}(s)$
$s=1$ 1
$\xi^{2}\omega_{\pi}|_{A_{F}^{\cross}}\neq 1$ 3 $Z(s, \varphi)$ $\Phi$ $\varphi$ $s=1$







3 $Z(s, \varphi)$ $s=1$
133
: [10] $L$- twisted exterior square $L$-
generic $L$-
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